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Characterizations of smooth spaces by approximate
orthogonalities
Pawel Wo´jcik
Abstract. Since the monograph by Amir that appeared in 1986, a lot of attention has been
given to the problem of characterizing, by means of properties of the norms, when a Banach
space is indeed a Hilbert space, i.e., when the norm derives from an inner product. In this
paper, similar investigations will be carried out for smooth spaces instead of inner product
spaces. We consider the approximate orthogonalities in real normed spaces. We show that the
relations approximate semi-orthogonality and approximate ρ+-orthogonality are generally
incomparable (unless the normed space is smooth). As a result, we give a characterization
of smooth spaces in terms of those approximate orthogonalities.
Mathematics Subject Classifications. Primary 46B20; 46C50; Secondary; 46C99.
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1. Introduction
Semi-inner products and norm derivatives, which can be naturally deﬁned in
general normed spaces over the real number ﬁeld, play an essential role in
describing the geometric properties of these spaces. The aim of this paper is
to provide a complete overview of characterizations of smooth normed linear
spaces based on norm derivatives.
In a real normed space, one can deﬁne various orthogonality relations. In
the paper, we will consider the Birkhoﬀ–James orthogonality :
x⊥By :⇔ ∀λ∈R ‖x‖  ‖x + λy‖.
An approximate Birkhoﬀ orthogonality was given by Chmielin´ski [3]:
x⊥εBy :⇔ ∀λ∈R ‖x‖2  ‖x + λy‖2 + 2ε‖x‖·‖λy‖.
Obviously, for ε = 0 we have ⊥B = ⊥εB.
We recall some of the main properties of the semi-inner product. Let (X, ‖·‖)
be a normed space over K ∈ {R, C}. A mapping [·|·] : X×X → K will be called
a semi-inner product (brieﬂy s.i.p.), if the following properties are satisﬁed:
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(sip1) ∀x,y,z∈X ∀α,β∈K [αx + βy|z] = α [x|z] + β [y|z];
(sip2) ∀x,y∈X ∀α∈K [x|αy] = α [x|y];
(sip3) ∀x∈X [x|x] = ‖x‖2;
(sip4) ∀x,y∈X | [x|y] |  ‖x‖·‖y‖.
Lumer [9] and Giles [7] showed that in each normed space a semi-inner product
always exists, however, not necessarily a unique one. There exists a unique
s.i.p. in X if and only if X is smooth. Now, for a ﬁxed s.i.p. in X we deﬁne a
semi-orthogonality, by
x⊥sy :⇔ [y|x] = 0.
We introduce ε-s-orthogonality
x⊥εsy :⇔ | [y|x] |  ε‖y‖·‖x‖.
From this moment, throughout this paper, all normed spaces are assumed
to be over reals and at least two-dimensional. Let (X, ‖·‖) be a real normed
space. We deﬁne two mappings ρ′+, ρ
′
− : X × X → R:
ρ′±(x, y) := lim
t→0±
‖x + ty‖2 − ‖x‖2
2t
= ‖x‖ · lim
t→0±
‖x + ty‖ − ‖x‖
t
.
These mappings are called norm derivatives. Now, we recall their useful prop-
erties (the proofs can be found in [2,6]):
(nd1) ∀x,y∈X ∀α∈R ρ′±(x, αx + y) = α‖x‖2 + ρ′±(x, y);
(nd2) ∀x,y∈X ∀α0 ρ′±(αx, y) = αρ′±(x, y) = ρ′±(x, αy);
(nd2’) ∀x,y∈X ∀α<0 ρ′±(αx, y) = αρ′∓(x, y) = ρ′±(x, αy);
(nd3) ∀x∈X ρ′±(x, x) = ‖x‖2;
(nd4) ∀x,y∈X |ρ′±(x, y)|  ‖x‖·‖y‖.
Moreover, the mappings ρ′+, ρ
′
− are continuous with respect to the second
variable, but not necessarily with respect to the ﬁrst one.
Now, ﬁx the semi-inner product [·|·]. Then,
∀x,y∈X ρ′−(x, y)  [y|x]  ρ′+(x, y). (1)
It is known that, X is smooth if and only if ρ′+(x, y) = ρ
′
−(x, y) = [y|x] for all
x, y ∈ X.









and is called an M-semi-inner product (brieﬂy M-s.i.p.).
In a similar way as earlier, we deﬁne ε-ρ+-orthogonality, ε-ρ−-orthogonality
and ε-ρ-orthogonality :
x⊥ερ+y :⇔ |ρ′+(x, y)|  ε‖x‖·‖y‖,
x⊥ερ−y :⇔ |ρ′−(x, y)|  ε‖x‖·‖y‖,
x⊥ερy :⇔ |ρ′(x, y)|  ε‖x‖·‖y‖.
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It is obvious that we deﬁne ⊥ρ+ := ⊥ερ+ with ε := 0. For the orthogonalities
⊥ρ− , ⊥ρ the deﬁnitions are similar.
The relations ⊥ερ± and ⊥εB are generally comparable. It is proved in [5,
Theorem 3.2] that for an arbitrary real normed space X we have
⊥ερ+ ⊂⊥εB, ⊥ερ− ⊂⊥εB, ⊥ερ ⊂⊥εB, ⊥εs ⊂⊥εB. (2)
If (X, 〈·|·〉) is an inner product space, then 〈x|y〉 = [y|x] = ρ′+(x, y) = ρ′−(x, y)
= ρ′(x, y) for arbitrary x, y ∈ X. Hence we have ⊥ε = ⊥εs = ⊥ερ+ = ⊥ερ− =
⊥ερ = ⊥εB.
2. Comparison of ε-ρ±-orthogonality and ε-s-orthogonality
R. C. James (see [8]) introduced in a real normed space X the following orthog-
onality relation: x⊥Jy :⇔ ‖x + y‖ = ‖x − y‖. Amir [1] showed that ⊥J ⊂ ⊥B
or ⊥J ⊃ ⊥B if and only if the norm in X comes from an inner product. Similar
investigations will be carried out for smooth spaces instead of inner product
spaces.
Relations ⊥ερ+ , ⊥ερ− and ⊥ερ are generally (unless X is smooth) incompa-
rable (cf. [5, Theorem 3.3]). Relations ⊥ερ, ⊥εs are also incomparable (cf. [5,
Theorem 3.5]). Now, let us compare the approximate orthogonalities ⊥εs and
⊥ερ± . The next theorem is the main result of the paper.
Theorem 1. Let X be a real normed space and let [·|·] be a ﬁxed semi inner
product in X. Then the following conditions are equivalent.
(i) ⊥ερ+ ⊂ ⊥εs (ii) ⊥ερ+ ⊃ ⊥εs (iii) ⊥ερ+ = ⊥εs
(iv) ⊥ερ− ⊂ ⊥εs (v) ⊥ερ− ⊃ ⊥εs (vi) ⊥ερ− = ⊥εs
(vii) X is smooth.
Proof. We start with proving (i)⇒(vii). Fix arbitrarily two linearly indepen-
dent vectors x, y∈X such that ‖x‖=‖y‖=1. First, suppose that ρ′+(x, y)=−ε.
Then x⊥ερ+y. Using (i), we get x⊥εsy, which means | [y|x] |  ε. This inequality,
together with −ε  [y|x]
(1)
 ρ′+(x, y) = −ε, yields ρ′+(x, y) = [y|x].
Next, suppose that ρ′+(x, y) < −ε Then we deﬁne a mapping ϕ : [0, 1] → R




. Since ϕ is continuous, ϕ(0) = ρ′+ (x, y) < −ε
and ϕ(1) = 1, it follows that there exists to ∈ (0, 1) such that ϕ(to) = −ε.
Since ϕ(to) = −ε, deﬁning
α :=
to
‖tox + (1 − to)y‖ , β :=
(1 − to)
‖tox + (1 − to)y‖ and z := αx + βy
we get ‖z‖ = 1 and ρ′+(x, z) = −ε, thus x⊥ερ+z. Moreover, we have β > 0.
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Using (i), we get x⊥εsz, which means | [z|x] |  ε. This inequality, together
with −ε  [z|x]
(1)
 ρ′+(x, z) = −ε, yields
ρ′+(x, z) = [z|x] . (3)
Applying properties of functionals ρ′+ and [·|·] we get
















































and show that with some to ∈ (0, 1), ψ(to) = −ε. Then we deﬁne
α :=
−to
‖to(−x) + (1 − to)y‖ , β :=
(1 − to)
‖to(−x) + (1 − to)y‖ and z := αx + βy
to obtain x⊥ερ+y. The rest runs similarly.)
We have shown that functionals ρ′+(·, ) and [|·] are equal on unit, linearly
independent vectors x, y. Now, let x, y ∈ X be arbitrary vectors. If y = γx, then




















We have shown that functionals ρ′+(·, ) and [|·] are equal. Then we have
ρ′−(x, y)
(nd2’)
= −ρ′+(x,−y) = − [−y|x]
(sip1)
= [y|x] = ρ′+(x, y).
We have proved that functionals ρ′− and ρ
′
+ are equal. Thus X is smooth.
Implication (ii)⇒(vii) can be shown similarly. In the second part of the
above proof one should consider (sip1) instead of (nd1). Similarly, we can
consider (nd1) instead of (sip1). Next, we may interchange the role of (sip2) and
(nd2) (or (nd2’)) in the above reasoning. Implications (vii)⇒(iii), (iii)⇒(i) and
(iii)⇒(ii) are obvious. Therefore, we get (i)⇔(iii)⇔(vii) and (ii)⇔(iii)⇔(vii).
In the same manner, one can prove (iv)⇔(vi)⇔(vii) and (v)⇔(vi)⇔(vii).

3. Comparison of ε-B-orthogonality and ε-s-orthogonality
Fix arbitrarily ε ∈ [0, 1). Chmielin´ski proved that ⊥εs ⊂ ⊥εB (cf. [3, Proposition
3.1]). In the general case, we may get ⊥εB  ⊥εs (see [3, Example 3.1]. Moreover,
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he proved that if X is a smooth space, then ⊥εB ⊂ ⊥εs and ⊥εB = ⊥εs (cf. [3,
Proposition 3.2, Theorem 3.3]).
The problem arises whether the reverse is true. Namely, whether ⊥εB ⊂ ⊥εs
implies the smoothness of X. We show that this problem has an aﬃrmative
answer for real spaces.
Theorem 2. Let X be a real normed space and let ε ∈ [0, 1). Then the following
conditions are equivalent.
(a) ⊥εB ⊂ ⊥εs (b) ⊥εB = ⊥εs (c) X is smooth.
Proof. It follows from [3, Theorem 3.3]) that (c)⇒(b) holds. The implication
(b)⇒(a) is obvious. We show (a)⇒(c). Assume that ⊥εB ⊂ ⊥εs. Applying (2)
we have ⊥ερ+ ⊂ ⊥εB. Thus, we obtain ⊥ερ+ ⊂ ⊥εs. It follows from Theorem 1
((i)⇔(vii)) that X is smooth. 
The proof for the case ε = 0 (i.e., ⊥B ⊂ ⊥s implies the smoothness) can be
found in [6, p.155, Theorem 65].
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